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Lecture 10: Inventory Control and Dynamic Pricing

Lecturer: Mengziao Zhang Week 12

In the previous several lectures, we developed the theory of online convex optimization, stochastic
and adversarial multi-armed bandits, and contextual bandits. In this lecture, we apply these tools
to two sequential decision problems: inventory control and dynamic pricing. Both problems involve
an unknown distribution and observations that depend on the learner’s decisions. Their different
feedback and cost structures determine which learning algorithms we can use.

1 Inventory Control

A retailer replenishes a product before observing the day’s demand. Ordering too much leaves
unsold inventory, while ordering too little loses sales. There are two types of products. Perishable
products, such as fresh bread and prepared meals, cannot be sold after the current period. Nonper-
ishable products, such as canned food and household supplies, can be carried into later periods. We
first identify the optimal policy when the demand distribution is known, then study how to learn
from sales alone.

1.1 Problem Formulation

Fix a horizon T > 2, a maximum demand D > 0, and costs h,b > 0. Denote by d; € [0, D]
the demand on round ¢. The demands are drawn independently from an unknown distribution
with continuous cumulative distribution function F. The constant h is the cost per unsold unit,
interpreted as a disposal cost for perishable products and a holding cost for nonperishable products;
b is the penalty per unit of unmet demand. We assume immediate replenishment, no ordering cost,
and initial inventory x1 = 0. At eachround t =1,...,T,

1. the retailer observes the available inventory z; and chooses a stocking level y; € [z, D], ordering
Yt — T¢ units;

2. demand d; arrives, and the retailer observes only sales S; = min{y, d; };

3. the retailer incurs the cost

Oyp, di) = h(ye — di) 4 +b(de — ye)+, (1)

where (u); £ max{u,0}, and the next inventory is

0, for perishable products,
€T =
i Yyt — St = (y¢ — di)+, for nonperishable products.

For nonperishable products, the constraint y; > x; means that the retailer can add stock but cannot
remove unsold units. Unmet demand is lost, so it does not become an order to fill later. If Sy < w4,



we observe the entire demand. If Sy = y;, we know only that demand is at least the stocking level.
This is censored demand feedback. In particular, the retailer does not observe the shortage quantity
or the realized cost ¢(y;, d;) when sales are clipped by the available stock.

Denote by C(y) £ Eqor[f(y,d)] the expected cost of stocking v units. Integrating the probabilities
of leftover stock and unmet demand gives

Y D
C(y) = h/o F(u)du+b/ (1= F(u)) du.

We compare the learner with a policy that knows F' and chooses each order before the current
demand arrives.

1.2 The Optimal Policy

We now consider what is the optimal inventory policy that minimizes the expected cost C(y). The
function #(-,d) is convex for every d, so C' is convex. To identify its minimizer, since demand is
continuous,

C'(y) = hF(y) = b(1 = F(y)) = (h + b)F(y) —b.
Denote by a 2 b/(h + b) the critical ratio and choose a stocking level y* € [0, D] satisfying

F(y") = a. (2)

Such a level exists by continuity of F. It satisfies C’'(y*) = 0, so convexity implies that it minimizes
C. Thus y* is a Bayes-optimal stocking level: it minimizes the cost averaged over the demand
distribution. The corresponding base-stock policy, which orders the products to a fixed inventory
level at each round, orders up to y* at each round. We next verify that this policy minimizes the
expected total cost for both perishable and nonperishable products.

Theorem 1.1. Fiz h,b,D > 0 and an i.i.d. demand distribution on [0, D] with continuous cumu-
lative distribution function F. Starting from x1 = 0, the base-stock policy with target y* is feasible
and has expected total cost TC(y*). Every policy has expected total cost at least TC(y*).

Proof. Under the base-stock policy, the next inventory is either zero or (y* — di)4+ < y*. Thus
replenishing to y* is feasible on every round. For any policy, ¥; is chosen before the independent
demand dy, so its conditional expected cost is C(y:) > C(y*). Summing and taking expectations
gives the lower bound T'C'(y*), which the base-stock policy attains. O

When F' is unknown, we measure the cost of learning by

T T
Reg’ £ E [Z Uye,di)| =TC(y*) =B | > (Clw) = C(y")) (3)
t=1 t=1

In the following, we discuss how to design an online learning algorithm that achieves sublinear
regret in this definition.



1.3 Online Learning with Perishable Inventory and Gradient Feedback

We start with the simpler perishable case. For perishable products, x; = 0 and every y; € [0, D]
is feasible. Although demand is censored, recall that the gradient information is enough for online
convex optimization, and the sales observation indeed supplies a gradient:

gt = (h+0)1{S; < yt} — b= Vyl(y, dy). (4)
Indeed, unsold stock means that demand is below the stocking level, giving g; = h; selling out
gives g, = —b. The equality case d; = y; has probability zero because demand is continuous and

independent of the past. Therefore, censored demand is enough for gradient feedback even though
the realized loss may be unknown.

In Lecture 3, we established the regret guarantee for online gradient descent (OGD) with gradient
feedback. Here, the absolute gradient is at most max{h,b}. Starting from any y; € [0, D], use

Yr+1 = o py (vt — ngr), (5)
where IIjo p) denotes projection onto [0, D]. The OGD bound from Lecture 3 gives
T
N D? max{h, b}2T
S (el ) — ) < 5+ TR, ()
t=1

Choosing = D/(max{h,b}/T) and taking expectations yields Reg!®¥ < D max{h,b}v/T. Thus
the perishable problem is a direct application of online convex optimization.

1.4 Nonperishable Inventory and Gradient Descent

We now extend the gradient method to nonperishable inventory. The target in equation (5) can
fall below the stock already on hand. For example, if y; = 0.8D and d; = 0.1D, the next round
begins with ;11 = 0.7D, so a target below 0.7D cannot be implemented. We therefore need to
distinguish the target chosen by gradient descent from the actual stocking level.

Denote by z; € [0, D] the target inventory and replenish to
ye = max{wy, 21 }. (7)

If the available inventory exceeds the target, we place no order. Otherwise, we order up to z;. The
gradient update acts on z;, and we separately control the cost caused by ¥, > z;. The good news is
that although we can not realize z; sometimes, the target gradient is still always observable from
sales. Since y; > 2z, the events Sy < z and dy < z; are equivalent. Thus, we have

/g\t £ (h + b)l{St < Zt} —b= Vyﬂ(zt, dt) (8)

We can therefore apply the same OGD update to the targets, even when the actual stock exceeds
them.

Algorithm 1: Gradient Descent for Nonperishable Inventory
Input: horizon 7" > 2, maximum demand D > 0, holding cost h > 0, penalty cost b > 0
Set n = D/(max{h,b}+/T) and initialize z; = x1 = 0;
fort=1,...,7 do
replenish to y; = max{zy, z;} and observe sales Sy;
compute g¢ = (h+b)1{S; < z} — b;
set zi11 = o p)(ze — nge) and 441 =y — Sy;




Denote by u = E[d;] > 0 the mean demand. The algorithm uses the same step size as in the
perishable case and does not need to know .

Theorem 1.2. FizT > 2, h,b,D > 0, and an i.i.d. demand distribution on [0, D] with continuous
cumulative distribution function and mean p > 0. Algorithm 1 guarantees that

: D? h,b
Regp¥ < —max{ ’ }ﬁ (9)
L

Proof. Projection ensures that z; € [0, D]. Since 1 = 0 and 0 < z;41 < ¥y, induction using
equation (7) gives 0 < zy < y; < D. Thus the algorithm is feasible, and both the target and actual
stock are chosen before the independent demand d; arrives.

We first bound the cost of the targets. Similar to the perishable case, we have

(ze —y*)? — (2041 — ¥*)? | nmax{h, b}?

Uz, dy) = L(y*,dy) < gz —y") < 2 5 )

where [g;| < max{h, b}. Summing over ¢ telescopes the squared-distance terms. Taking expectations
and using independence of each demand from its target yields

D?  pmax{h,b}*T

T
ZE[C(Zt) -Cy) < 2 + Yy (10)
t=1

This is the same OGD argument as in the perishable setting.

It remains to account for stock above the target. When z; > z;, the retailer places no order and
the actual stocking level is y; = z;. Denote by e; £ Yyt — 2 > 0 the amount by which the actual
stock exceeds the target, with e; = 0. We first relate this difference to cost. For every demand
value d,

Uy, d) — (2, d) = h((ye — d)+ — (22 — d) 1) +b((d = ye)+ — (d — 2)+) < h(ye — z) = he.

Indeed, y: > z; implies that the shortage term is nonpositive, while the difference in unsold quan-
tities is between zero and y; — z;. Taking expectation over d ~ F gives C(y;) — C(z) < hey. It
therefore suffices to bound the cumulative quantity S Eley].

To see how much excess stock carries over to the next round, recall that ;11 = max{x¢11, 2441}
and z441 = (y¢ — d¢)+. Since zi11 > 0, these two identities give, for t < T,

err1 = (Tey1 — 2er1)+ = (Y — 2001 — di) 4

The target decreases only when g; = h, in which case z;+; = max{z; — hn,0}. Thus y — 241 =
er + (2t — ze41) < e + hn. We also have y; — z¢41 < D because y; < D and 2441 > 0. Denote by
a; = min{D, e; + hn} the resulting upper bound on the stock above the next target. It depends
only on the excess e; known before demand arrives.

Substituting y; — 2441 < a; into the identity for e;4; gives

. d
err1 < (ap —dp)+ = ap —min{ay, di} < ay (1 — Dt> , (11)

where the last inequality uses min{as,d;} > aid;/D for ay,dy € [0, D]. Since a; is independent of
the current demand d; and E[d;] = p, taking expectations in equation (11) yields

Eles1] < E [at (1 - %)] - (1 - %) Ela] < (1 - %) (Eled] + hn).



Starting from e; = 0 and repeatedly substituting this inequality, we obtain

t—1 .
1Y D—p
7=1
Summing over t = 2,...,7T gives
d D- D-
S Ele) < & Eun(r - 1) < =Lyt (12)
—1 2 ©

Finally, combining C(y;) — C(z¢) < he; with equation (10) and equation (12) gives

; T T 2 max 2 (D —
Reg® = SOEIC(:1) — Cly*)] + Y BIC() - Clan)] < 5+ T tED BB =,
t=1 t=1

Substituting n = D/(max{h,b}/T) and using h?> < max{h,b}? gives equation (9). In particular,
the regret is O(v/T) for fixed costs and a fixed demand distribution. O]

1.5 Nonperishable Inventory and Lazy Updates

The gradient method updates its target after every observation, and the preceding analysis controls
the inventory above that target. We next give a binary search method that changes its target at
most [log, T'| times. It uses confidence intervals for the critical quantile and bounds the time
needed to reduce inventory after each downward change.

The idea is to keep a target fixed until the observations determine which side of it contains y*.
Suppose that y* lies in an interval [L, U], and set m = (L + U)/2. Before sampling at this new
target, the retailer places no order on rounds with z; > m, so y; = ;. Once x; < m, the retailer
replenishes to m. On each subsequent round in the same phase, the stock left from the preceding
round is at most m, so replenishing to m remains feasible.

On the nth sampling round of the phase, denote by Z,, £ 1{S; < m} the indicator of unsold stock.
Since the retailer stocks m units, this observation has mean F(m). Denote by Fj, £ n~! Yo Z;
the sample mean and by p, = /2logT/n its confidence radius. If E, + pn < «a, the test places
F(m) below « = b/(h +b), so we move L to m. If Fj, — pp > a, we move U to m. Otherwise we
take another sample at the same target. Each new phase starts its own sample count at n = 1.
After M = [log, T'| halvings, the interval has width at most D/T, and we use its midpoint for the
remaining rounds.

To control every test that Algorithm 2 could perform, fix the inventory grid before the first round,

D
Mé{‘;M:jzl,...,ZM—l}.

In phase k, the interval endpoints are consecutive multiples of D/2¥~1, so its midpoint is a multiple

of D/2F strictly between 0 and D. For k = 1,..., M, every such midpoint lies in M. As in the
stochastic bandit analysis of Lecture 5, we can generate the demands in advance. For each m € M,
prepare a row of 1" independent demands d,, 1,...,dy,  from F. Use the next demand in row m
each time the algorithm tests that target, and use a separate sequence of demands from F' on all
other rounds. All these draws are independent. The inventory and target determine which sequence



Algorithm 2: Lazy Confidence Bisection for Nonperishable Inventory

Input: horizon T' > 2, maximum demand D > 0, holding cost h > 0, shortage penalty
b>0
Set a =b/(h+0b), M =[logyT],L=0,U=D,t=1, and z; = 0;
At the end of each round, set x;11 = y+ — S and advance t by one. Stop after round 77
fork=1,....M +1do
set m = (L+U)/2;
while z; > m do
L place no order, set y; = x¢, and observe sales Si;

if k=M + 1 then

‘ replenish to y; = m and observe S; in each remaining round;
else
forn=1,2,...do
replenish to y; = m, observe S;, and record Z,, = 1{S; < m};
compute F, =n~! Yoy Zi and p, = \/2logT/n;
if F), + pp < o then

‘ set L = m and end this phase;

else if F\n — pn > « then
L set U = m and end this phase;

to use before the current demand arrives, so the demand on each round still has distribution F
independently of the past. On a test round the retailer stocks m units, so unsold stock means
dm,i < m. Denote by F,(m) = n= 13" | 1{d,,; < m} the frequency of unsold stock in the first n

draws of row m. Whenever the algorithm performs its nth test at m, its sample mean ﬁn equals

Event 1. Denote by £ the event that the estimate at every candidate target is accurate at every

sample count,
T
e2 N N

meM n=1

Fu(m) = F(m)| < pu}-

Then Pr[€] > 1 — %.
Proof. Fix m € M and n € {1,...,T}. By continuity of F, each indicator 1{d,,; < m} has
mean F'(m). The first n indicators in row m are independent, so Hoeffding’s inequality and p,, =

V2log T/n give

2

ﬁ.

There are 2M — 1 candidate targets and T possible sample counts for each. Taking a union bound
over these pairs gives

~

Pr [[Fu(m) = F(m)| > pn] < 2exp(~2np3) =

T
2 22M )T 4
PrEV< Y D = S g
meM n=1
where 2M — 1 < 2T because M = [log, T']. O



The number of target changes is logarithmic, but we also need to bound the time required to remove
excess stock. As in Theorem 1.2, the mean demand p appears in the analysis but is not an input
to the algorithm.

Theorem 1.3. FizT > 2, h,b,D > 0, and an i.i.d. demand distribution on [0, D] with continuous
cumulative distribution function and mean p > 0. Algorithm 2 guarantees that

: D?logT
Regp¥ <O <(h +0b) (D TlogT + :g)) . (13)

Proof. We first bound the sum of cost gaps in equation (3) on Event 1. On &, every confidence
interval computed by the algorithm contains F'(m). If ﬁn(m) + pn < a, then F(m) < a = F(y*),
so m < y* and we can move L to m. If F,(m) — pn > o, then F(m) > a, so m > y* and we can
move U to m. Hence every update keeps y* in [L, U].

Suppose that the algorithm implements my in phase k, and denote by nj the number of sampling
rounds at this inventory level. The interval in phase k has width wy, £ D/2*~! and contains y*, so
its midpoint my, satisfies |my — y*| < wg /2. If ng > 2, the test after ny — 1 samples did not end the
phase. Its confidence interval therefore contains «, and on £ it also contains F'(my). Hence

|[F(mg) — af < |F(mg) = Fo1(mi)| + | Fu1 (mg) — af < 2pn, 1.

All nj sampling rounds have the same cost gap. By convexity and C'(my) = (h + b)(F(my) — ),

i (Cm) — C(y")) < nC' (mig) (my, — y*) < (h+b) ’“”’“ |F(my) — af
< (h 4+ b)wgngpn,—1 < 2(h + b)wy, W,

where the last inequality uses ny — 1 > ng/2. For myp = 1, the same final bound follows from
|C'(y)| < max{h,b} and |my — y*| < wy/2.

Denote by K the number of phases in which the algorithm sampled a midpoint. Since n; < 7T and
Zle wg < 2D, the total sampling gap satisfies

K K

> e (Clmg) = C(y*)) < 2(h+b)\/TlogT Y wy, < 4(h+b)Dy/TlogT.

k=1 k=1

After M halvings the interval has width at most D /T, so replenishing to its midpoint for the
remaining rounds contributes at most T'max{h,b}D/(2T) = max{h,b}D/2.

The retailer begins with zero stock, so it waits only after a downward change of target, and there
are at most M such changes. After such a change, the retailer orders nothing and lets demand
consume the stock until it falls below the new target. Denote by Wy the waiting rounds after the
kth change, with W, = ) if the target does not fall. The stock at the start of these rounds is at
most D. Before the last waiting round the stock has not yet fallen below the target, so the total
demand in the earlier waiting rounds is less than D. The demand in the last waiting round is at
most D, so Ztewk dy < 2D. The demands are i.i.d. with mean p, and whether round ¢ is a waiting
round is decided before d; arrives, so Wald’s identity gives

E[[Wil] = [Z dt] <2D.

tEW



Summing over the at most M downward changes, the expected total number of waiting rounds is
at most 2M D /p. Multiplying by the maximum cost gap max{h,b}D per waiting round gives an
expected transition cost gap of at most 2max{h,b}D?>M/p.

On &€ the total gap from sampling and from replenishing to the final midpoint is at most
max{h,b}DT. Its contribution to the expectation in equation (3) is at most max{h,b} DT Pr[€¢] <
4max{h,b}D/T. Adding this to the bounds on &£ for those rounds and the expected transition cost
gap proves equation (13). O

2 Dynamic Pricing

Inventory control chooses how much stock to make available at a fixed cost structure. Dynamic
pricing instead chooses a price and observes whether a customer purchases. We assume an unlimited
supply, so each round’s selling decision has no inventory constraint. The central issue is to learn a
profitable price from purchase decisions alone.

2.1 Problem Formulation

At each round ¢t = 1,...,T, a new customer has value V; € [0, 1], drawn independently from an
unknown distribution. The seller posts p; € [0, 1] before observing the value. The customer buys
one unit exactly when V; > p;, so the seller observes Y; = 1{V; > p;} and receives revenue p,Y;.

Denote by ¢(p) = Pr[V > p] the probability of a sale and by 7(p) £ pg(p) the expected revenue.
If the distribution is known, choose p* € arg mMax,co,1] r(p) and charge this price on every round.
Every history-dependent policy has conditional expected revenue r(p;) < r(p*), so the optimal
expected total revenue is Tr(p*). For an unknown distribution, define pricing regret by

T
Regh™* £ Tr(p*) — E [Z pY;| =E
t=1

T
> (rph) - T(pt))] : (14)

A purchase at price p; tells us that the value is at least p;; a rejection tells us that it is below p;.
We begin with the case in which this comparison is noiseless across customers.

2.2 A Fixed Unknown Value

Suppose that V; = v on every round for a fixed unknown v € [0,1]. The optimal price is v, and
each observation compares our price with the same number. Binary search therefore gives a simple
algorithm: start from [a, u] = [0, 1], post its midpoint, and move the lower endpoint to the midpoint
after a purchase or the upper endpoint after a rejection. After [log, T'| comparisons, the interval
has width at most 1/7. Each comparison loses at most one unit of revenue, and subsequently

charging a loses at most one in total. Thus binary search gives Reg‘%rice < O(logT).

We can improve this bound because the two kinds of error have different costs. A price just below
v loses only the price difference, while a price above v loses the entire sale. The cautious search
method increases the price in small increments, allowing many inexpensive successful comparisons
between rejections.

Initialize [a,u] = [0,1] and € = 1/2. Within a phase, post a + €,a + 2¢, ... up to u, stopping at the
first rejection. If price p is rejected, the last accepted lower bound is p — €, so replace the interval



by [p — €,p] and set the next increment to €2. If the upper endpoint is accepted, then v = u and
we charge u afterward. Once the interval width is at most 1/7T", charge its lower endpoint for the
remaining rounds.

Theorem 2.1. Fiz T > 2 and an unknown value v € [0,1]. Cautious search guarantees that
Regh™™ < O(loglog T').

Proof. The first phase has constant regret. Every later phase begins with an interval of width w
and uses increment w?. It has at most 1/w accepted offers, each with regret at most w, and at
most one rejection, with regret at most one. Thus each phase contributes at most two, even if
the horizon ends during that phase. After a rejection, the width becomes w?, so the successive
widths are 1/2,1/4,1/16,.... At most O(loglogT) phases occur before the width is at most 1/7.
Charging the final lower endpoint contributes at most one additional regret. O

The improvement comes from reducing costly rejections. The algorithm can make many offers, but
the successful offers are sufficiently close to v that their total loss within a phase is constant.

2.3 General Stochastic Values

When customers have independent values, a rejection does not identify an upper bound on the
next customer’s value. Binary search for a single threshold no longer applies. Instead, we can treat
candidate prices as arms and use the bandit algorithms from previous lectures.

Fix an integer m > 1 and denote by P, = {0,1/m,...,1} the price grid. The essential approxi-
mation property follows from the fact that lowering a price cannot reduce its sale probability. For
an optimal price p*, choose the grid price p = |mp*|/m. Its expected revenue satisfies

r(B) = PPV 2 7] 2 PPV 2 5] = 1 (0) — (0F — D) PV 2 ] 20 () — . (15)

Thus rounding the optimal price downward loses at most one grid spacing in expected revenue.
This argument applies to every value distribution, including distributions with atoms. Rounding
upward can instead lose all customers whose values equal p*.

In Lecture 7, we established that Tsallis-INF with K arms guarantees regret at most O(vVKT).
Apply it to the K = m + 1 grid prices, supplying the observed loss 1 — p,Y; € [0, 1]. Conditional
on the entire value sequence, this is a bandit loss sequence of the type considered in Lecture 7, so
its expected guarantee also holds after averaging over the values.

Algorithm 3: Dynamic Pricing on a Uniform Grid
Input: horizon T' > 2 and grid size parameter m > 1
Initialize Tsallis-INF from Lecture 7 on P,, = {0,1/m,...,1} with 8 =1/2 and n = 1/V/T;
fort=1,...,7 do
use the arm selected by Tsallis-INF as the price py;
post p; and observe the purchase indicator Y;;
supply the loss 1 — p;Y; to Tsallis-INF for the selected arm:;

Theorem 2.2. Fiz T > 2 and any i.i.d. value distribution on [0,1]. Algorithm 3 guarantees that
; T

Regh™™“ <O < +(m+ 1)T> : (16)
m

In particular, choosing m = [T/3] gives Regl}rice < O(T?3).



Proof. Compare first with the rounded price p in equation (15). The grid approximation and the
bandit guarantee give

T
Reg%rice =T(r(p*) —r(p) +E Z(T(?) —r(p)) | < % +0 ( (m+ l)T) .
t=1

Substituting the stated value of m proves the final claim. O

2.4 Smooth Revenue

Can we improve the T2/3 rate when the value distribution has more structure? We now show how
smoothness of the revenue improves the grid approximation.

Assumption 1. The customer values are i.i.d. on [0, 1] with a continuously differentiable density
f with bounded f(v) and f'(v): |f(v)],|f (v)] < L for all v € [0,1].

Under Assumption 1, ¢(p) = fpl f(v)dv and r(p) = p- q(p). Both endpoints give zero revenue,
whereas ¢(0) = 1 and continuity give positive revenue at all sufficiently small positive prices. Thus
every optimal price lies in (0,1). Fix any such p*. Differentiating gives r'(p) = q(p) — pf(p), so
r'(p*) = 0.

How much revenue do we lose by posting a price p close to p*? Denote this loss by A(p) =
r(p*) — r(p). Since " (p) = —2f(p) — pf’(p), Assumption 1 gives |r”(p)| < 3L. Taylor’s theorem at
p* therefore gives

0<Aw) < 2w a7

In particular, a grid price within 1/m of p* loses at most 3L/(2m?) per round.

Algorithm 3 incurs O(y/(m + 1)T') regret relative to the best of the m + 1 grid prices. Adding the
grid approximation error gives

; 3LT
Regh™™ < 225 40 (Vim+1)T).

Choosing m = [T'/] gives O(T®/°) regret for fixed L.
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