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Lecture 8: Adaptive Regret Bounds for Multi-Armed
Bandits

Lecturer: Mengziao Zhang Week 8

1 Beyond the Worst Case

In the previous lecture, we established that the minimax pseudo-regret in adversarial multi-armed
bandits is ©(v/KT). Tsallis-INF achieves this rate by matching the regularizer’s local curvature
to the importance-weighted estimator. However, this is a worst-case statement: it treats every
sequence of T loss vectors as equally difficult. While this gives the learner the most robust guar-
antee, some environments contain much more structure. In Lecture 5, we have shown that in a
stochastic environment with fixed positive gaps, the learner can indeed achieve logarithmic regret.
An adversarial sequence may also be easier if the best arm suffers little loss, as you have seen in
Homework 1. So our main question is:

Can we design algorithms that have an improved regret guarantee on these easier instances, while
simultaneously maintain the worst-case near-optimal guarantees?

For example, when choosing a network route, losses may have stable distributions during normal
operation but change when congestion or failures occur. A purely stochastic guarantee gives no
protection against such changes, while a worst-case bound does not reflect the easier periods of
operation. A guarantee that adapts to the loss sequence lets us exploit favorable structure without
first deciding whether a stochastic model is appropriate.

2 Best-of-Both-Worlds with Tsallis-INF

We first discuss the case where the loss sequence can either be stochastic or adversarial. In Lecture
5, we have shown that several algorithms achieve O(3_; ;. 12—?) logarithmic instance-dependent
regret in stochastic environments, including UCB and arm elimination. However, their guarantees
rely on the stochastic environment and do not apply to arbitrary adversarial loss sequences. Our
question is can we use one algorithm to achieve logarithmic regret in the stochastic case and the

minimax regret bound in the adversarial case, without knowing which environment we face?

Fortunately, the answer is yes, and it is achieved by an algorithm that we have already learned!
Recall that Tsallis-INF achieves O(v KT') regret in adversarial environments. We next show that,
with a time-varying learning rate, Tsallis-INF simultaneously achieves O(Zi#* %) pseudo-regret

in stochastic environments with a unique best arm.



2.1 Tsallis-INF with an adaptive learning rate

In Lecture 7, we ran Tsallis-INF with the fixed learning rate n = 1/v/T. Here, we use 1; = 1/(2v/1)
and keep the same v /5 regularizer, importance-weighted estimates, and cumulative estimated losses
Et. See Algorithm 1 for the complete update. This schedule requires neither the horizon nor the
stochastic gaps. We will account explicitly for the changing regularization coefficient when adapting
the potential argument from Lecture 7.

Algorithm 1: Tsallis-INF with a Decreasing Learning Rate

Input: arms [K], ¢1/5(p) £ 2(1 = /%, /Pi);
Initialize Lo ; = 0 for every i € [K];
fort=1,2,...do

set e = 1/(2):

choose p; = argmin,ca {<p, Et,1> + %1/)1/2(19)};

draw I; ~ p; and observe /; p,;
set th = ﬁtz 1{1; = i} for every i € [K];

set Et,i = Et,u + l?“ for every i € [K];

The same algorithm satisfies the following two guarantees.

Theorem 2.1. Fiz K > 2. For every fized oblivious loss sequence {1, ..., 0p € [0,1]5, Algorithm 1
guarantees that
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If instead the loss vectors are independent and identically distributed in [0, 1]K, with a unique best
mean-loss arm i* and gaps A; £ E[ly ;] —E[lr <] > 0 for i # i*, the same algorithm guarantees that
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Both guarantees follow from the same intermediate bound. We keep the dependence on the sampling
probabilities and exclude the comparator arm, so that the bound can be used with both arbitrary
losses and stochastic gaps. Denote by e; the jth standard basis vector. We first state the bound
and deduce the two guarantees; we then prove it by adapting the analysis from Lecture 7.

Lemma 2.2. Fix K > 2. There exists a universal numerical constant C > 0 such that Algorithm 1
guarantees that
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for every fized oblivious loss sequence in |0, 1]K and every fivzed arm j € [K].
Before proving Lemma 2.2, we use it to prove Theorem 2.1.

Proof of Theorem 2.1. For a fixed oblivious loss sequence, choose an arm j minimizing cumulative
loss. Cauchy—Schwarz inequality gives Zz’e[ K], i VPG < v K — 1. Applying Lemma 2.2 and using



Zthl t=1/2 < 2y/T, we obtain

T
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For the stochastic guarantee, use the same lemma with j = ¢*. The gap identity from Lecture 5
gives

T
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Although we stated Lemma 2.2 for fixed oblivious losses, it also applies after averaging an inde-
pendent stochastic loss sequence sampled before the interaction. Conditional on that sequence, its
bound holds for every fixed comparator; we then take expectation over the losses. Choose j = i*
and combine the lemma with equation (2). The lemma upper bounds regret using ,/p;;, while the
gap identity expresses the same regret using A;p;;. Applying the lemma to 2Reg; and subtracting
the gap identity gives

Regr = 2Regy — Regr
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The third line uses 2Cz/v/t — Ax? < C?/(tA;) for x > 0, by completing the square. Thus each gap
pays for the corresponding square-root probability term, and summing 1/¢ produces the logarithmic
dependence on T'. This proves the stochastic guarantee in Theorem 2.1. The algorithm uses neither
the gaps nor the knowledge that the losses are stochastic. ]

It remains to prove Lemma 2.2. We adapt the FTRL potential argument from Lecture 7.

Proof of Lemma 2.2. Denote by ®;(n) £ mianAK{<p7 Et> +91/2(p)/n} the regularized minimum

from Lecture 7, and by p;y1(n) its minimizer. In Lecture 7, we proved the identity

Bu(n) = Br-10) = (pra(0),F) + Doy (s (). (). Q

We now set n = n;. Then py(n:) = pt, and py1(n¢) is the next minimizer with the current rate held
fixed; the algorithm’s next decision uses 7;41. Denote by
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the same stability contribution as in Lecture 7. By equation (3), we have <pt,2t> = Oy(n) —
Qi1 () + St



Summing this identity over all rounds gives
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Since Ly = 0, the initial potential is ®o(1m1) = ¥1/2(p1)/m: p1 is exactly the minimizer in its
definition. To bound the differences caused by changing rates, evaluate the old-rate minimum at
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The equality uses that p; minimizes the objective with rate ;. Also, ®p(nr) < ETJ- because
¥1/2(e;) = 0. Substituting these bounds into the sum above gives
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With a fixed rate, the last sum vanishes, recovering the decomposition from Lecture 7. For our
schedule, 1/n, — 1/mi—1 = 2(Vt — vVt —1) < 2/V/t. Together with —t;/5(p) < 23 i /Pi and
1m = 1/2, this bounds the regularization terms in equation (4) by 4 Zle t1/2 Ei# /Dtsi-

Denote by E; conditional expectation given the past and the current loss vector, before drawing I;.
Since Sy holds 7, fixed, the nonnegative-loss argument from Lecture 7 still gives
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This suffices for the adversarial bound, but the term ,/p; ; need not become small as p; ; approaches
one. To prove Lemma 2.2, we need a bound that excludes arm j.

We now extend this local-norm bound to loss vectors whose coordinates are at least —1. This is
the lower bound that will hold after shifting the estimates by a loss in [0, 1]. Fix 0 <7 <1/2, an
interior p € A, and g € [~1,00)%. We will prove that
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for every q € Ag.

We now repeat the positive-orthant comparison from Lecture 7. Extend 9y /5(p) = 2(1 — Zfi 1VDi)
to the nonnegative orthant. Expanding the definition gives
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for every p € RE) £ {p € RE p; > 0,Vi € [K]} and q € R £ {g € RE ¢; > 0,Vi € [K]}. The
FTRL minimizers are interior because the slope of —2,/x tends to —oo at zero. As in Lecture 7,
denote by
. 1
us arg min {<v,g) + 7D’¢'1/2 (Uap)}
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the minimizer over the nonnegative orthant. Its first-order condition is Vb j5(u) = V) 9(p) — ng
by applying the Lagrangian form. Since the i-th gradient coordinate is —1/,/p;, this gives 1//u; =

1//pi + ngi, and hence
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Here 1 +1,/pigi > 1 —n/pi > 1/2, so this formula defines a positive u. To evaluate the objective
at u, add the two Bregman divergences. The function values ¥y /5(p) and 1 /5(u) cancel, giving

D¢1/2(p7 U) + D¢1/2(U,p) = <V¢1/2(P)7P - ’U,> - <v¢1/2(u)7p - ’LL> =" <p - uvg> :

Therefore the same comparison with u as in Lecture 7 gives
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The first inequality uses the minimizing property of u, and the first equality follows by rearranging
the identity just proved. The second equality expands the Bregman divergence using the formula
above. For the third equality, substitute \/u; = /p;i/(1 + 1/pPigi) into the divergence formula;
the numerator satisfies \/p; — /ui = npigi/ (1 + 1y/Pigi). The last inequality uses the denominator
bound 1 +7,/p;g; > 1/2. For nonnegative g, the denominators are at least one, which recovers the
coefficient 7 from Lecture 7 for every n > 0.
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The key step is now to apply a constant shift to Zt Denote by ¢; & Zg — 44 ;1 the shifted estimates.
Subtracting this common scalar leaves the inner product unchanged because p; — pi+1(n:) has
coordinate sum zero. This shift is only for the analysis; the algorithm does not need to observe ¢; ;.
Since g;; > —1 and 1, = 1/(2V/t) < 1/2, the bound applies on every round. Substituting p = p,

q = pi+1(n), g = gt, and 1 = n; gives

St = (pe — per1(me), ge) — le/z(pm(m) pr) < 2m Zptz Gii = 2m Zp (b — L) (5)
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It remains to see what the shift gains. Unbiasedness and the second moment of the importance-
weighted estimates give
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For i # j, this is at most 1/p;; since losses lie in [0,1]. For i = j, the squared difference vanishes
and the bound improves to (1 — p; j)/pt;. Consequently, equation (5) gives
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where the last inequality uses \/p;;j(1 —prj) < 1 —prj = Z#j D < Zi# \/Pti- Combining
this stability bound with the regularization bound in equation (4), taking expectations, and using
unbiasedness proves equation (1). O

3 First-Order Regret with Probability Clipping

The previous section used stochastic gaps to improve the worst-case guarantee. We now return to
fixed oblivious losses ¢1,...,¢p € |0, 1]K and ask for an improvement when some arm has small
cumulative loss. Denote by L% = minc (g Zle ¢; ; the best arm’s cumulative loss. A first-order,
or small-loss, bound has a leading term proportional to /K L7, up to logarithmic factors. We have
already seen this type of adaptive bounds in Homework 1 for full-information expert problem and
we will now obtain such a bound for MAB by modifying the sampling rule of EXP3 and reusing
its entropy analysis from Lecture 6.

Specifically, in Lecture 6, we established that the second-order analysis of EXP3 gives
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The inverse sampling probabilities cancel in expectation, but the quadratic term sums losses over
all arms. Even if the best arm has zero loss, the other arms can contribute on every round. To
obtain a small-loss bound from this inequality, we need to relate this term to the loss of a single
comparator.

The GREEN idea (Allenberg et al., 2006) is to freeze arms whose exponential-weights probabilities
fall below a threshold and renormalize on the remaining arms. The name GREEN refers to the
saying the grass is always greener on the other side, because unchosen arms receive zero estimated
loss. We use a variant with threshold 7, so that the same parameter controls the weight updates
and freezing. This rule bounds each estimated-loss increment and, as we will show, keeps the
cumulative estimates of different arms close.

3.1 The clipped distribution and the estimation bias

Fix 0 < n <1/(4K). As in EXP3, form the exponential-weights distribution ¢; from the cumulative
estimates. Denote by A; 2 {i € [K] : qt; > n} the active set and by F} = Zie[K]\At qt,i the frozen
mass. We sample from

e*ﬁftq,i
qti = 2511 e—nitfl,j ) (6)
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Since F; < Kn < 1/4, the active set is nonempty and p; is a distribution. Every positive sampling
probability is at least 7. A frozen arm can become active again later, since its cumulative estimate
stops increasing while other arms may accumulate losses.

Algorithm 2: GREEN-Style Clipped EXP3 with a Fixed Learning Rate
Input: arms [K], learning rate 0 < n < 1/(4K)
Initialize EOJ =0 for every i € [K];
fort=1,2,...do
compute q;, A, F;, and p; using equation (6);
draw I; ~ p; and observe ¢ 1,;
set Etz = (Et 1./, It)l{It =i} for every i € [K];
set L“ = Lt 1,0 —i—Em for every i € [K];

As before, E; conditions on the past and the current loss vector, before drawing I;. The estimator
now satisfies

Bl =1 "pa
0, i¢ Ay
= Et’il{’i S At} < ftﬂ'.

Thus freezing introduces a downward bias, which helps when comparing against a fixed arm. Ordi-
nary EXP3 also assigns zero estimates to unchosen arms, but its rare importance-weighted updates
make each coordinate unbiased. A frozen arm receives a zero estimate with certainty on that round.

Intuitively, clipping stops increasing an arm’s cumulative estimate once the arm falls sufficiently
far behind a comparator. While the arm is active, its exponential weight bounds that gap; its
last positive update can increase the gap by at most 1/n. After that update, its estimate stays
fixed while the comparator’s estimate cannot decrease. The following lemma makes this argument
precise.

Lemma 3.1. Fir K > 2 and 0 < n < 1/(4K). For losses in [0,1], the estimates generated by
Algorithm 2 satisfy the following bound for every pair of arms i,j € [K| and every t > 0:

In(1/7n) +1.

Et,i < Zt,j +
n

(7)
Proof. Fix i,7 € [K] and t > 0. If arm ¢ has received no positive estimate by round ¢, then Et =0
and the claim follows from Lt j = 0. Otherwise, denote by s < t the last round with fs i > 0. Its

cumulative estimate stays fixed after that round, so Lt i = Ls ;. Arm i was active on round s, and
hence

@*nfsﬂ,i - ~
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Taking logarithms in the first line gives Esq,i < ES,Lj + In(1/n)/n, which bounds the gap just
before the last update. The second line adds at most 1/n for that update, since £s; < 1/ps; < 1/n,
and uses Lg_1; < Ly ; because estimates are nonnegative. OJ
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Summing Lemma 3.1 over arms controls Zfil ET,i by K ETJ plus an additive term depending
only on K and 7. The proof below bounds the quadratic sum Zthl Zfi 1 qt,fii by this sum of

cumulative estimates. For a best arm j, the downward bias gives E[ETJ-] < L%. We now combine
this relation with the entropy bound from Lecture 6 to obtain the regret guarantee.

Theorem 3.2. Fiz K >2 and 0 < n < 1/(4K). For every fived oblivious loss sequence in [0, 1],
Algorithm 2 guarantees that
In K
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Proof. In Lecture 6, we proved the following pathwise entropy bound for arbitrary finite nonnegative
estimates. The exponential-weights distribution here is ¢;, so that bound gives

T R n K T K
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for every fixed arm j € [K]. This is a deterministic inequality for the realized estimates. We will
use the downward bias when we take expectations.

We first account for the change in sampling distribution. Since the selected arm is active, gt 1,/pe,1, =
1 — F;. Therefore,

<Qt7z\t> = &k g, = (1= F)lyr, > (1 — Kn)ly g,
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The second line uses ¢;;, < 1 and 1 — F; < 1. Denote by Cr = ZtT:1 i1, the learner’s observed
cumulative loss. Substituting these two bounds into equation (8) gives

~ In K K
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Summing Lemma 3.1 over ¢ € [K] and substituting into equation (9) gives

~ In K 1
(1-Kn)Cr < (1+K77)LT7j+nn+K<lnn+l>.

Take expectations and use the downward bias E[ETJ] < Zthl ¢; ;. Choose an arm minimizing
cumulative loss and substitute E[C7] = L}, + Regp. Rearranging proves the theorem. O

If L% were known, the choice n = min{1/(4K), /In K/(K (L% + 1))} would give

R%T§O<¢K@;+nmkaﬂqK(}+n0.

This displays the desired small-loss dependence, but the learning-rate choice depends on the un-
known L7. An additional doubling trick is needed to tune the algorithm using only observed
feedback. We leave the design and analysis of this tuning rule as a homework question.
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