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Lecture 9: Contextual Bandits

Lecturer: Mengxiao Zhang Week 9

1 Contextual Bandits

In previous lectures, we studied multi-armed bandits and compared the learner with the best fixed
arm. However, in many applications, the learner observes information about the current decision
before choosing an action. For example, a news platform may observe a user’s interests, browsing
history, and the features of the available articles before recommending one article. The platform
then observes whether the user clicks on the recommended article, but not whether the user would
have clicked on the other articles. We can express this feedback as a loss, with loss zero for a click
and loss one otherwise.

The preferred article can differ across users. Consequently, always recommending the same article
is a weak benchmark, even if that article has the highest average click rate. We would like to learn
a rule that uses the observed information to choose an article. This gives the contextual bandit
problem: the feedback is still the loss of one selected action, but the learner can use a context when
making its decision.

1.1 Problem formulation

Denote by X the context space, which may be infinite, and by [K] ≜ {1, . . . ,K} the action set,
where K ≥ 2. Fix a horizon T > 2. At each round t = 1, . . . , T ,

1. the environment chooses a context xt ∈ X and a loss vector ℓt ∈ [0, 1]K ;

2. the learner observes xt and chooses a distribution pt ∈ ∆K , where ∆K ≜ {p ∈ RK : pi ≥
0 for every i ∈ [K],

∑K
i=1 pi = 1};

3. the learner draws It ∼ pt and incurs and observes only ℓt,It .

Different from MAB where we compare with the performance of the best fixed action, we A policy is
a function π : X → [K] that specifies an action for every context. The learner is given a nonempty
policy class Π and aims to compete with its best policy. As in our earlier bandit lectures, we
measure performance by pseudo-regret, now defined by

RegT ≜ sup
π∈Π

E

[
T∑
t=1

(
ℓt,It − ℓt,π(xt)

)]
. (1)

The comparator uses one fixed policy throughout the interaction, instead of a fixed action as what
we defined in MAB. Its action may change because the context changes. The expectation includes
the learner’s randomization and any randomness in the environment. For a fixed oblivious sequence
of contexts and losses and a finite policy class, this equals the expected regret against the best policy
in hindsight.
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Example 1.1. Suppose that there are two user types, each arriving with probability 1/2, and two
article categories, sports and business. A sports-oriented user has losses (0, 1), while a business-
oriented user has losses (1, 0). Every constant policy incurs expected cumulative loss T/2. A policy
that recommends sports to the first type and business to the second incurs zero loss. Thus competing
with the best fixed article and competing with the best fixed policy are different objectives.

The non-contextual problem is a special case. If Π consists of the K constant policies πi(x) = i,
then equation (1) is exactly the pseudo-regret against the best fixed arm. Contextual bandits allow
a richer comparison class while keeping the same bandit feedback. We first impose no relation
between the contexts and the losses. Later, we assume that a function from a known class predicts
the conditional mean losses.

1.2 Why do direct reductions not suffice?

One approach is to maintain a separate K-armed bandit algorithm for every context and run the
corresponding algorithm whenever that context appears. However, a large or infinite context space
may produce a different context on every round. Each separate algorithm then receives only one
observation. The policy class is what allows us to learn across different contexts: observing one
user’s response can help distinguish rules that also make recommendations to other users.

Another approach is to treat each policy as an arm. After selecting a policy πt, we play It = πt(xt)
and use ℓt,It as that policy’s observed loss. For a finite class of size N ≜ |Π|, applying EXP3 from
Lecture 6 gives a regret bound of O(

√
NT logN). This dependence on N is costly when the class

contains many policies. Fortunately, the observation tells us the loss of every policy recommending
the selected action, not just the policy we sampled. We next use this shared information to replace
the polynomial dependence on N by a logarithmic dependence.

2 Exponential-Weight Algorithm for Exploration and Exploita-
tion using Expert Advice (EXP4)

In Lecture 2, we used Hedge to compete with a finite set of experts. In Lecture 6, we adapted
Hedge to bandit feedback through importance-weighted loss estimates and obtained EXP3. We
now apply the same idea with policies as experts. The new step is to construct estimates using
the probability of observing an action, so that policies recommending that action share the same
feedback. This gives the Exponential-weight algorithm for Exploration and Exploitation using
Expert advice (EXP4), introduced by Auer et al. (2002).

2.1 From policy weights to action probabilities

Assume that Π is finite. The idea is the same as Hedge/EXP3, which is to maintain a weight wt,π

for each policy and denote by qt,π ≜ wt,π/
∑

ρ∈Πwt,ρ its normalized weight. After observing xt,
sample an action according to

pt,i ≜
∑

π∈Π:π(xt)=i

qt,π, (2)

for every i ∈ [K]. Equivalently, we could draw a policy from qt and follow its recommendation.
The induced probability pt,i combines the weights of all policies that recommend action i.
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After observing ℓt,It , define the action loss estimates by

ℓ̂t,i ≜
ℓt,It
pt,It

1{It = i}. (3)

Define ĝt,π ≜ ℓ̂t,π(xt) as the loss estimate supplied to policy π. Every policy recommending It
receives the same loss estimate, while the other policies receive zero. The denominator is the
probability of the sampled action, which is positive. An action recommended by no policy can have
probability zero, and its estimate is automatically zero.

Denote by Et[·] conditional expectation given the information before drawing It, including the
current context and sampling distribution. Since the contexts and losses are fixed in this section,
Et[ℓ̂t,i] = ℓt,i whenever pt,i > 0. Every policy has positive Hedge weight and therefore recommends
an action with positive probability. Consequently, Et[ĝt,π] = ℓt,π(xt) for every policy π.

Why is the action probability important? If we instead sampled a policy and divided its observed
loss by qt,π, the estimate would use only the event that this particular policy was sampled. The
observation is available whenever any policy recommending the same action is sampled. Using
pt,π(xt) ≥ qt,π uses all of those events and reduces the second moment of the estimate.

Algorithm 1: EXP4

Input: policy class Π, learning rate η > 0
Initialize w1,π = 1 for every π ∈ Π;
for t = 1, . . . , T do

observe xt and set qt,π = wt,π/
∑

ρ∈Πwt,ρ for every π ∈ Π;

set pt,i =
∑

π∈Π:π(xt)=i qt,π for every i ∈ [K];

draw It ∼ pt and observe ℓt,It ;

set ℓ̂t,i = (ℓt,It/pt,It)1{It = i} for every i ∈ [K];

set wt+1,π = wt,π exp(−ηℓ̂t,π(xt)) for every π ∈ Π;

2.2 Regret guarantee

The proof uses the same nonnegative-loss Hedge inequality that we established for EXP3 in Lecture
6. Although importance-weighted estimates can exceed one, that inequality still applies: its expo-
nential bound e−x ≤ 1− x+ x2 requires only x ≥ 0. The essential calculation is that the weighted
second moment depends on the number of actions, even though Hedge maintains a distribution
over policies.

Theorem 2.1. Fix K ≥ 2, T > 2, a policy class of size N ≥ 2, and η > 0. For every fixed oblivious
sequence of contexts and loss vectors in [0, 1]K , Algorithm 1 guarantees that RegT ≤ logN/η+ηKT .
In particular, the choice η =

√
logN/(KT ) guarantees that

RegT ≤ O
(√

KT logN
)
. (4)

Proof. Fix a comparator policy π ∈ Π. Applying the nonnegative-loss Hedge inequality from
Lecture 6 to qt and ĝt gives

T∑
t=1

∑
ρ∈Π

qt,ρĝt,ρ − ĝt,π

 ≤ logN

η
+ η

T∑
t=1

∑
ρ∈Π

qt,ρĝ
2
t,ρ. (5)
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This is a pathwise inequality, so it applies to the estimates produced by the algorithm. Moreover,
grouping policies by their recommendations gives the identity

∑
ρ∈Π qt,ρĝt,ρ =

∑K
i=1 pt,iℓ̂t,i = ℓt,It .

To bound the quadratic term, we group the policies in the same way and obtain

Et

∑
ρ∈Π

qt,ρĝ
2
t,ρ

 =
∑
i∈[K]:
pt,i>0

 ∑
ρ∈Π:ρ(xt)=i

qt,ρ

 ℓ2t,i
pt,i

=
∑
i∈[K]:
pt,i>0

ℓ2t,i ≤ K.

The first equality uses Et[ℓ̂
2
t,i] = ℓ2t,i/pt,i on the support of pt, and the second uses equation (2).

This is exactly the probability cancellation in the EXP3 analysis, after combining all policies that
recommend the same action.

Taking expectations in equation (5) and using the unbiasedness of the comparator’s estimate yields

E

[
T∑
t=1

(
ℓt,It − ℓt,π(xt)

)]
≤ logN

η
+ ηKT.

Taking the maximum over the fixed comparator policies proves the first claim. Substituting the
stated learning rate proves equation (4).

Hedge contributes the logN term, while the quadratic term depends on K because policies recom-
mending the same action share the same estimate. This is the information that the policy-as-arm
reduction failed to use. For the K constant policies, EXP4 reduces to EXP3. However, its imple-
mentation still maintains N weights and evaluates all N policies on every round. A logarithmic
dependence on N in regret therefore does not give a logarithmic dependence on N in computa-
tion. We next introduce a regression oracle to avoid explicitly enumerating the policies, under an
additional assumption on the mean losses.

3 Reduction to an Online Regression Oracle

The computational difficulty of EXP4 comes from its explicit distribution over policies. To address
this difficulty, we now assume that a function from a known class predicts the conditional mean
losses and that we can learn this function through an online regression oracle. The resulting
algorithm, SquareCB of Foster and Rakhlin (2020), uses the oracle’s current predictions to choose
an exploration distribution. Its computation depends on the oracle and the number of actions,
without an additional enumeration of the policy class.

3.1 The realizable setting

Denote by F ⊆ {f : X × [K] → [0, 1]} a known regression class. We assume that there exists a
fixed unknown f⋆ ∈ F such that

E[ℓt,i | Ht−1, xt] = f⋆(xt, i), (6)

for every t ∈ [T ] and i ∈ [K], where Ht−1 denotes the information available from earlier rounds,
including the learner’s internal state. This is the realizability assumption: the same function
describes the mean loss of each action at every context encountered. Contexts may depend on

4



the history. Conditional on this information and the current context, the learner’s current action
draw is independent of the current loss vector.

Every f ∈ F induces a policy πf (x) ≜ argmini∈[K] f(x, i), with ties broken by a fixed rule. In

this section, the comparison class is Π ≜ {πf : f ∈ F}. Denote by π⋆ ≜ πf⋆ the policy induced
by the true mean-loss function. This policy minimizes the conditional mean loss at every context.
Therefore, equation (1) becomes

RegT = E

[
T∑
t=1

(
f⋆(xt, It)− f⋆(xt, π

⋆(xt))
)]

. (7)

The function class specifies a common prediction rule across contexts. It can be infinite; we will
access it through the oracle instead of maintaining a weight for every function.

3.2 The online regression oracle

In Lecture 3, we studied online regression as an instance of online convex optimization. We now use
a regression algorithm as a subroutine. At round t, an online square-loss regression oracle receives
an instance zt ∈ X × [K], predicts ŷt ∈ [0, 1], and then observes an outcome yt ∈ [0, 1]. We assume
that, for every possibly adaptive sequence of instances and outcomes, it guarantees

T∑
t=1

(ŷt − yt)
2 − inf

f∈F

T∑
t=1

(f(zt)− yt)
2 ≤ B(T ), (8)

where B(T ) > 0 is a known upper bound on its square-loss regret. Thus the oracle competes with
the best fixed regression function on the instances it receives. We are interested in B(T ) = o(T ).

For contextual bandits, we query the oracle’s prediction at (xt, i) for every i ∈ [K], all from the
same current state and before making any update. Denote these predictions by ŷt,i. We then choose
pt, draw It ∼ pt, and update the oracle once using the instance zt = (xt, It) and outcome yt = ℓt,It .
The actual regression sequence is the sequence of selected context-action pairs, so equation (8)
applies to the predictions ŷt,It .

To see what the oracle guarantee gives us, compare its square loss with that of f⋆. Expanding the
squares and using realizability, we obtain

E

[
T∑
t=1

(
(ŷt,It − ℓt,It)

2 − (f⋆(xt, It)− ℓt,It)
2
)]

= E

[
T∑
t=1

(
(ŷt,It − f⋆(xt, It))

2 + 2(ŷt,It − f⋆(xt, It))(f
⋆(xt, It)− ℓt,It)

)]

= E

[
T∑
t=1

K∑
i=1

pt,i(ŷt,i − f⋆(xt, i))
2

]
.

The cross term has expectation zero after conditioning on the information before the action draw
and then on It. Since f⋆ ∈ F , equation (8) consequently implies that

E

[
T∑
t=1

K∑
i=1

pt,i(ŷt,i − f⋆(xt, i))
2

]
≤ B(T ). (9)
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This bounds prediction error weighted by the probabilities of the actions we actually observe. It
need not control the error on actions that are rarely selected. Choosing the smallest predicted loss
on every round can therefore fail: an overestimated loss can prevent an action from being selected
and corrected. We need an exploration distribution that makes the weighted prediction error in
equation (9) sufficient to control regret.

3.3 Deriving the exploration distribution

Fix a prediction vector ŷ ∈ [0, 1]K and an unknown mean-loss vector µ ∈ [0, 1]K . We would like
a distribution p such that its excess mean loss is at most a multiple of

∑K
i=1 pi(ŷi − µi)

2, plus a
small exploration term. Denote by ej the jth coordinate vector. For every positive distribution p,
comparator action j ∈ [K], and parameter γ > 0, completing the square gives

⟨p− ej , µ⟩ −
γ

4

K∑
i=1

pi(ŷi − µi)
2 ≤ ⟨p− ej , ŷ⟩+

1

γ

K∑
i=1

(pi − 1{i = j})2

pi

= ⟨p− ej , ŷ⟩+
1

γ

(
1

pj
− 1

)
. (10)

For the inequality, apply uv − (γpi/4)v
2 ≤ u2/(γpi) with u = pi − 1{i = j} and v = µi − ŷi, then

sum over the coordinates. The remaining expression depends only on the predictions and p, so we
can use it to design the sampling rule.

Denote by b ≜ argmini∈[K] ŷi an action with the smallest predicted loss and by di ≜ ŷi − ŷb the

predicted loss gap of action i. Then ⟨p− ej , ŷ⟩ =
∑K

i=1 pidi−dj . For j ̸= b, choosing 1/pj = K+γdj
cancels the term −dj in equation (10). This motivates the distribution

pi ≜


1

K + γdi
, i ̸= b,

1−
∑

j∈[K]:
j ̸=b

1

K + γdj
, i = b. (11)

Since di ≥ 0, each non-minimizing action receives probability at most 1/K, leaving pb ≥ 1/K.
Actions with a small predicted gap receive more exploration probability, while actions with a large
predicted gap receive less. The parameter γ controls how strongly the distribution concentrates
around the smallest predicted loss.

The following bound verifies that this choice gives the required relation between regret and weighted
prediction error.

Lemma 3.1. Fix K ≥ 2, γ > 0, and ŷ ∈ [0, 1]K . Let p be the distribution in equation (11). For
every µ ∈ [0, 1]K and j ∈ [K], we have

⟨p− ej , µ⟩ ≤
γ

4

K∑
i=1

pi(ŷi − µi)
2 +

2(K − 1)

γ
. (12)

Proof. By equation (10), it suffices to bound
∑K

i=1 pidi − dj + (1/pj − 1)/γ. The definition of p
gives

K∑
i=1

pidi =
∑
i∈[K]:
i̸=b

di
K + γdi

≤ K − 1

γ
.
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If j ̸= b, substituting 1/pj = K + γdj gives −dj + (1/pj − 1)/γ = (K − 1)/γ. If j = b, then dj = 0
and pb ≥ 1/K give the same upper bound. Substituting these bounds into equation (10) proves
equation (12).

3.4 SquareCB and its guarantee

We now apply the distribution above to the oracle’s current predictions. The algorithm requires K
prediction queries, one regression update, and O(K) additional arithmetic operations per round.
In particular, it does not require weights for all policies induced by F .

Algorithm 2: SquareCB

Input: online square-loss regression oracle, exploration parameter γ > 0
for t = 1, . . . , T do

observe xt;
query the oracle at (xt, i) to obtain ŷt,i for every i ∈ [K], without updating its state;
set bt = argmini∈[K] ŷt,i, using the fixed tie-breaking rule;

set pt,i = 1/(K + γ(ŷt,i − ŷt,bt)) for every i ̸= bt;
set pt,bt = 1−

∑
i∈[K]:i̸=bt

pt,i;

draw It ∼ pt and observe ℓt,It ;
update the oracle using the instance (xt, It) and outcome ℓt,It ;

Theorem 3.2. Fix K ≥ 2, T > 2, and γ > 0. Assume that equation (6) holds and that the oracle
satisfies equation (8). Algorithm 2 guarantees that

RegT ≤ O
(
γB(T ) +

KT

γ

)
. (13)

In particular, choosing γ =
√

8(K − 1)T/B(T ) guarantees that RegT ≤ O(
√
KTB(T )).

Proof. Apply Lemma 3.1 with ŷi = ŷt,i, µi = f⋆(xt, i), and j = π⋆(xt). Conditional on the
information before the action draw, its left-hand side is the expected excess mean loss on round t.
Summing over the rounds, taking expectations, and using equation (7) gives

RegT ≤ γ

4
E

[
T∑
t=1

K∑
i=1

pt,i(ŷt,i − f⋆(xt, i))
2

]
+

2(K − 1)T

γ
≤ γ

4
B(T ) +

2(K − 1)T

γ
,

where the second inequality uses equation (9). This proves equation (13). Substituting the stated
value of γ gives RegT ≤

√
2(K − 1)TB(T ), which proves the final claim.

EXP4 estimates the losses of all policies and then applies Hedge. SquareCB instead predicts
the action losses and explores according to the predicted gaps. Realizability makes the oracle’s
excess square loss equal to prediction error in expectation, and Lemma 3.1 converts that error into
bandit regret. Thus the reduction transfers an online regression guarantee into a contextual-bandit
guarantee. Its computational efficiency depends on the availability of an efficient oracle with the
assumed guarantee.
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3.5 Connections to Hedge and online convex optimization

The reduction lets us use regression algorithms already related to our earlier lectures. We give
three examples to make the dependence on B(T ) explicit.

Example 3.3. Suppose that F is finite, with |F| ≥ 2. Initialize every unnormalized weight to
one, use learning rate 1/2, and predict the weighted average ŷt =

∑
f∈F vt,ff(zt), where vt,f are

the normalized weights. After receiving (zt, yt), multiply each function’s weight by exp(−(f(zt)−
yt)

2/2). In Lecture 2, we established a generic O(
√
T log |F|) regret bound for the weighted average

of the experts’ losses. Here, the learner incurs the square loss of its averaged numerical prediction.
This additional structure gives a stronger guarantee, as we now show.

Denote by Wt the total unnormalized weight before round t, defined by

Wt ≜
∑
f∈F

exp

(
−1

2

t−1∑
s=1

(f(zs)− ys)
2

)
.

Thus W1 = |F| and vt,f = exp(−1
2

∑t−1
s=1(f(zs) − ys)

2)/Wt. For fixed y ∈ [0, 1], the function
u 7→ exp(−(u− y)2/2) has second derivative ((u− y)2 − 1) exp(−(u− y)2/2) ≤ 0 on [0, 1], so it is
concave. Applying Jensen’s inequality to the averaged prediction gives

exp

(
−(ŷt − yt)

2

2

)
≥
∑
f∈F

vt,f exp

(
−(f(zt)− yt)

2

2

)
=

Wt+1

Wt
.

Taking logarithms and summing over the rounds, we obtain

T∑
t=1

(ŷt − yt)
2 ≤ −2

T∑
t=1

log
Wt+1

Wt
= −2 log

WT+1

W1
≤ min

f∈F

T∑
t=1

(f(zt)− yt)
2 + 2 log |F|.

The equality telescopes the logarithms, and the last inequality uses WT+1 ≥ exp(−1
2

∑T
t=1(f(zt)−

yt)
2) for every f ∈ F . Therefore, the oracle satisfies equation (8) with B(T ) = 2 log |F|.

SquareCB consequently guarantees RegT ≤ O(
√
KT log |F|). Enumerating a finite regression class

is itself costly; the reduction is computationally useful when the oracle has an efficient implemen-
tation.

Example 3.4. Suppose that the regression model has a convex parameter set of Euclidean diameter
at most D > 0, and that each square loss is convex in the parameter with Euclidean gradient
norm at most G > 0. In Lecture 3, we established that OGD with step size D/(G

√
T ) guarantees

square-loss regret at most DG
√
T . Using this algorithm as the regression oracle therefore gives

B(T ) = DG
√
T and

RegT ≤ O
(√

KDGT 3/4
)
.

Thus our earlier OCO guarantee already gives a sublinear contextual-bandit guarantee when
K,D,G are fixed. Any improved online square-loss regret bound can be substituted into The-
orem 3.2 directly; the exploration rule and its analysis do not change.

Example 3.5. Consider the stochastic K-armed bandit problem from Lecture 5, with independent
and identically distributed loss vectors, mean losses µi ≜ E[ℓt,i] and no context. Take X = {x0}
and F ≜ {fθ : θ ∈ [0, 1]K}, where fθ(x0, i) ≜ θi. The function fµ satisfies realizability, and the
induced policy class consists of the K constant-arm policies. Denote by Nt,i ≜

∑t
s=1 1{Is = i}
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the number of observations of arm i through round t, with N0,i = 0. Use the empirical-average
predictions

ŷt,i ≜


∑t−1

s=1 ℓs,Is1{Is = i}
Nt−1,i

, Nt−1,i > 0,

1

2
, Nt−1,i = 0.

Thus each prediction averages only the previously observed losses of that arm. SquareCB uses
these predictions in its sampling rule and updates only the selected arm’s empirical average after
observing its loss.

To bound the oracle’s square-loss regret, fix an arm observed m ≥ 1 times and denote by y1, . . . , ym
its observed losses. Denote by ȳs ≜ s−1

∑s
r=1 yr the empirical mean after s ≥ 1 observations, and

set ȳ0 = 1/2. This is the FTL predictor on this arm: before observation s ≥ 2, ȳs−1 minimizes∑s−1
r=1(u− yr)

2 over u ∈ [0, 1]. Updating the empirical mean gives

s∑
r=1

(yr − ȳs)
2 −

s−1∑
r=1

(yr − ȳs−1)
2 =

s− 1

s
(ys − ȳs−1)

2,

for s ≥ 2. Since ȳm minimizes the square loss among all constant predictions in [0, 1], summing
these increments yields

m∑
s=1

(
(ȳs−1 − ys)

2 − (ȳm − ys)
2
)
= (y1 − 1/2)2 +

m∑
s=2

(ys − ȳs−1)
2

s
≤

m∑
s=2

1

s
≤ 1

4
+ logm.

Summing the bound over all observed arms gives∑
i∈[K]:
NT,i>0

(
1

4
+ logNT,i

)
≤ 2K log T.

Consequently, these empirical averages satisfy equation (8) with B(T ) = 2K log T , even when the
arm selections depend on previous observations. With γ = 2

√
T/ log T , Theorem 3.2 therefore

gives

RegT ≤ O
(
K
√
T log T

)
.

This gives a stochastic MAB algorithm using empirical averages and randomized exploration. Spe-
cialized stochastic-bandit algorithms from Lecture 5 achieve a better dependence on K.
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